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1 Development Toward the Spectral Theorem for Unbounded
Self-Adjoint Operators

1.1 The resolvent

Let T : D(T) — H be closed and densely defined. We said A\ ¢ Spec(T) <— T — \:
D(T) — H is bijective and defined the resolvent as R(\) = (T — \)~! € L(H, H) for
A € p(T) = C\ Spec(T), the resolvent set.

Proposition 1.1. The resolvent set p(T') C C is open, and p(T) > A — R(\) € L(H, H)
is holomorphic.

Proof. If \g € p(T") write
T—-A=(T—=X)—=A=2)=10=A=2)R(X))(T — o).
It follows that T'— A is invertible for |A — \g| < RO R - We also have
R(A) = R(/\o) = R(X0)(1 = (A= Xo)R(Xo)) ™"
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This converges in L(H, H), so R(\) is holomorphic. O
Proposition 1.2. If T is self-adjoint, then Spec(T) C R.
Proof. If A € C\ R,

1T = Nul® = [I(T = Re A)ul® + (Im A)?[[ul®. O

We also have 1

HR()\>H£(H7H) < m
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1.2 Nevanlinna-Herglotz functions for self-adjoint operators

Example 1.1. Let :D(«/) — H be self-adjoint, (&/u,u) > c||ul|® for u € D(<), and
=11 H — H be compact. Then Spec(A) is of the form A\; < Ay < -+ — oco. Let ¢; be
an orthonormal basis of H such that (& — \;)e; = 0. Then for u =3, xje; € H,

R = 312 =[S 2000, an= Y lePote -

N Aj—z
This is a positive, pure point measure of total mass [ du = |lu||? (by Parseval).
Let A: D(A) — H be self-adjoint, and consider the holomorphic function
f(z) = (R(z)u,u), Imz > 0.

Then |f(2)] < =%, where C = ||ul|?. We have

= |Imz|’

2iIm f(2) = (R(2)u,u) — (R(2)"u, u)
Using R(z)* = R(%),
= ((R(2) = R(z))u, u)

We can also check via algebraic manipulation that R(\) —R(u) = (A — p)R(A)R(p). Using
this,

=2iIm 2z (R(2)*R(2)u, u) .

So we get
Im f = Im 2| R(2)u|?.

In particular, Im f > 0 for Im z > 0.
Now we can use the following general result from complex analysis.

Theorem 1.1 (Nevanlinna, Herglotz,...). Let f be a holomorphic function in Imz > 0
with Im f > 0 and |f(2)| < 5. Then there is a uniform bound

Imz

/Imf(a:+iy)da:§07r Yy > 0,

and there exists a positive bounded measure p on R such that

1/g0(:c)1mf(a:+iy)dxﬂ/godu Vo € Cp := (C N L*)(R).

™

'This is a standard result. It was even a qualifying exam problem in the past.



We have

f6)= [ @, me>o,

[ () =ty f(ig) =t (~21(2)).
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where z — oo with arg(z) bounded away from 0, 7.
Conversely, if p > 0 is a bounded measure on R and f is defined by f(z) = [ E_%d,u(f),
then both the weak convergence and the limit condition hold.

Proof. Take the semicircle contour v (slightly above the real axis) made of Imz = ¢ > 0
and an arc of radius R. Cauchy’s integral formula gives

L f©
f(z)_%i[y(—z
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where z* is the regkection of z over the line Im z = ¢. That is, 2* = Z + 2ic.

1 z—z*

=5 [ HOE g

Letting R — oo, we get

L[ OG-
0= i ) e =)

dg,

where L. is the whole line Imz = ¢ and (¢ — 2)(¢* — z*) = |¢ — z|?. Take the imaginary
part of this to get
I — 1
Im f = =2 C/ mf@gdg
™ L. 1¢— 2|

Multiply by Im 2z and let Im z — oo while keeping Re z fixed: the left hand side is < ¢. By
Fatou’s lemma,

1/Imf(a:+z'c)da:§c.
R

™

By Banach-Alaoglu, there is a sequence of ¢, — 07 and a positive, bounded measure
1 on R such that

1 wi
—1Im f(z +ic,) dz wealc?, L.
™

We get that
1
Imf(z)zlmz/wd,u(f), Imz > 0.
-z
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This implies that

() [ 2 du(e)) =

1) = [ g dne),

SO

proving the first claim.

We will finish the proof of the theorem next time.
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